COMBINATORICA CompiNaToRrICA 8 (1) (1988) 63—74

Akadémiai Kiaddé — Springer-Verlag

ON MULTIPLICATIVE GRAPHS
AND THE PRODUCT CONJECTURE

R. HAGGKVIST, P. HELL*, D. J. MILLER and V. NEUMANN LARA*

Received November 1, 1985
Revised January 21, 1987

We study the following problem: which graphs G have the property that the class of all
graphs not admitting a homomorphism into G is closed under taking the product (conjunction)?
Whether all undirected complete graphs have the property is a longstanding open problem due to
S. Hedetniemi, We prove that all odd undirected cycles and all prime-power directed cycles have
the property. The former result provides the first non-trivial infinite family of undirected graphs
known to have the property, and the latter result verifies a conjecture of NeSetfil and Pultr. These
results allow us (in conjunction with earlier results of Ne¥etfil and Pultr [17), cf. also [7]) to
completely characterize all (finite and infinite, directed and undirected) paths and cycles having
the propcr;y We also derive the property for a wide class of 3-chromatic graphs studied by
Gerards, [5

1. Introduction

In what follows G, H, etc., could be graphs or digraphs; s1m11arly, the edge
gg’ could mean the undirected edge {g. g’} or the directed arc gg". The product
G X H (also known as the categorical product or conjunction {9], [16]) has the vertex
set V(G)XV(H) and the edges (g, h)(g’, ') where gg’ is an edge of G and hk" an
edge of H. A homomorphism f: G —»H is a mapping f: V(G)~V(H) for which
faf (g) is an edge of H whenever gg’ is an edge of G. The existence, respectively
non-existence, of a homomorphlsm f: G—~H will be denoted by G—~H, respec-
tively G+H. Note that G is n-colourable just if G—K,. Also note that the com-
position of two homomorphisms is again a hom'omorphisrn.

It follows from the definitions that any n-colouring of G gives rise to an
ncolouring of GXH; thus x(GXH)=min (G, yH). S. Hedetniemi [10] con-
jectured that y(GXH)=min (xG, xH). To establish this “‘product conjecture” it
remains to show, for each n, that

G+ K, and H+ K, imply GXH-+ K,

for all undirected graphs G and H. While this is easy to verify for n=1 and n=2
(cf. Section 2), its proof for n=3 is quite difficult and was accomplished only re-
cently by El-Zahar and Sauer [4]. It seems conceivable that the conjecture may be
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false for large enough n, cf. [19]. We shall call a (directed respectively undirected)
graph W multiplicative if G+W and H-+W imply GXH-+W for all (directed
respectively undirected) graphs G and H. In other words, W is multiplicative just
if {G: G+-W} is closed under taking products. It is important to note here that
the graphs G are taken to be undirected graphs if W is undirected, and directed
graphs if W is directed. (It follows from Remark 3.4 in [19] that K., r=3, is not
multiplicative when viewed as a directed graph, although according to [4] it is mul-
tiplicative as an undirected graph; a similar example was constructed by D. Duffus,
W. Sands and R. Woodrow.)

Thus the product conjecture asserts that all complete undirected graphs are
multiplicative. By investigating the multiplicativity of graphs in general, we hope
to gain insights relevant for the eventual proof of multiplicativity — or non-mul-
tiplicativity — of complete undirected graphs. We concentrate here on the multipli-
cativity of simple families of graphs — namely directed and undirected paths, direc-
ted and undirected cycles, and transitive tournaments. (Note that the El-Zahar—
Sauer theorem asserts the multiplicativity of the undirected 3-cycle.) Multiplicativity
was also studied by NeSetfil and Pultr [17] (who used the term ‘‘productivity”).
They proved that all directed paths and all directed cycles of prime length are mul-
tiplicative. Our principal results are

(1) all odd undirected cycles are multiplicative
(2) all prime-power directed cycles are multiplicative

(Even undirected cycles are trivially multiplicative — being bipartite — and direc-
ted cycles of non-prime-power length are easily seen to be non-multiplicative, cf.
[7], [17] or the comments before Theorem 2.) Resuit (2) verifies a conjecture of
Nesetfil and Pultr [17]; result (1) answers two of their questions, namely: Is there
an undirected non-complete multiplicative graph? and Are there infinitely many
undirected multiplicative graphs?

It follows from the results of [17] (cf. also [7]) and (1), (2), that except for
directed cycles of non-prime-power length, all directed and undirected paths and
cycles are multiplicative. (In the last section we extend these results to infinite paths
and tournaments.) Using a recent result of Gerards, [5], we prove the multiplicativity
of a wide class of 3-chromatic graphs.

2. General remarks

Here we outline some standard properties of the product and describe the
methods used in demonstrating multiplicativity and non-multiplicativity of graphs.

Lemmal. (a) GXH—-G and GXH -~ H.
® If X-G and X~ H then X - GXH.
(c0 G~GXH ifandonlyif G- H.

Proof. For (a), verify that the projections (g, h)—g and (g, h)—h are homo-
morphisms; for (b) use any homomorphisms f: X—G and f': X—H to define
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a ‘homomorphism X-+GXH by x—(f(x), f(x)). Finally (c) follows from (a)
and (b). J}

A subgraph G’ of G is a retract of G (11, 12)) if there is a homomorphism
(called a retraction) r: G—~G’ such that r(g)=g for each geV(G").

Lemma 2. (a) If G+ H and H-+G, then W=GXH is not multiplicative. (b) If
W’ is a retract of W, then W is multiplicative if and only if W’ is.

Proof. (a) follows from Lemma 1(c): G-+W, H-+W, but GXH=W-W. (b) fol-
lows from the fact that W—~ W’ and W’—W, hence {G; G+W}={G: G+W’}. |

Lemma 2(a) yields many examples of non-multiplicative graphs, as there are
many ways of constructing pairs of graphs G, H with G+H and H-+G [13],[14]. To
mention just two examples — for directed cycles C,+C, when k30 (modm),
and for undirected graphs, letting G%, to be any graph with chromatic number & and
smallest odd cycle of length m, G{--GEt2 because of the smallest odd cycle in
Gk, and G¥1i+4-GY because of the chromatic number. Lemma 2(b) allows us to
restrict our attention to graphs which contain no proper retracts, For instance,
since K, is multiplicative [4], any 3-chromatic graph with a triangle is likewise mul-
tiplicative (cf. also Example 2 and Corollary of Theorem 3).

Let W be a fixed graph. 4 set 0SS {G: G+W} is called a complete set of
obstructions for W if

(1) For each G with G- thereis an X¢@ such that X—+G.
(2) For each X, X’c0 there is an X*¢ @ such that Y*—~X and X*~-X".

Lemma 3. W is multiplicative if and only if there is a complete set of obstructions
Jor W.

Proof. If W is multiplicative then 0={G: G-+W} is a complete set of obstruc-
tions: (1) is trivial, and (2) follows for X*=XXX’ from Lemma 1(a) and the
multiplicativity of W. On the other hand, if @ is a complete set of obstructions for
W and if G+W and H-W, then there exist X, X'€@ such that X—-G, X'~ H,
and hence an X*€0 such that X*->X-G, X*-»X'—~H. By Lemma 1(b) X*~
~+GXH, whence GXH-+W. |

Naturally, the method of Lemma 3 is only interesting if we can find ‘‘small”
or ‘“‘simple” complete sets of obstructions. For instance, {K,} is a complete set of
obstructions for W=K,: any graph that is not l-colourable contains an edge.
Hence X, is multiplicative. Similarly, {C,, C;, ...} is a complete set of obstructions’
for. W=K, (any non-bipartite graph contains an odd cycle; (2) follows from ‘the
fact that C,,,~C;). Hence K, is also multiplicative. No simple complete set of
obstructions is known for K, with n>2 and the multiplicativity of these graphs is
much harder to establish. Until recently, the product conjecture (G-+K,, H+K,
imply GXH-+K,) for any n>2 was only established for particular classes of
connected graphs G and H — e.g. both having K, _, [3], {20], or one having each
vertex in a K,_, [1). Then El-Zahar and Sauer introduced an elegant new method
for proving the multiplicativity of K.
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Let W be a fixed graph and G an arbitrary graph. The map-graph 4 (G, W)
is defined as follows: the vertices of # (G, W) are the mappings ¢: V(G)-V (W)
and the edges of .# (G, W) are just those p¢’ for which ¢(g)¢’(g") is an edge of
W whenever gg’ is an edge of G. Note that 4 (G, W) is directed or undirected de-
pending on G and W being directed or undirected. Although normally our graphs
have no loops, the map-graph may have loops — cf. Lemma 4(a). El-Zahar and
Sauer [4] introduced and used # (G, C;) to demonstrate the multiplicativity of Cy;
the connection of (G, W) to the multiplicativity of W is explained in Lemma
4(f). Following their usage we shall write W (G) for .# (G, W). We may assume that
each G and W below has at least one edge.

Lemma 4. (a) W(G) has loops if and only if G—~W.
(b) GXW(G)~W.
(©) G-W(W(G)) by a one-to-one homomorphism.
(d) W—~W(G) by an isomorphism onto an induced subgraph of W (G).
() GXH-~W ifandonly if H-W(G).
() W is multiplicative if and only if W(G)—~W whenever G-+W.
(&) GG implies W(G)—~W(G) for each W.
th) W—W’ implies W(G)—~W"'(G) for each G.

Proof. Since each loop of W(G) is a homomorphism G~W, (a) follows. For the
homomorphism in (b) take (g, ¢)—~¢(g). Similarly, in (c) assign to each g€V (G)
the map @,W(W(G)) defined by &,(p)=¢(g) forall oW (G). Anisomorphism
for (d) is obtained by assigning to each vertex v of W the constant map @ W (G)
which maps all vertices of G to v. To prove (€), let f: GXH-+W be a homomor-
phism and let, for each h¢V(H), the mapping f,éW(G) be defined by fi(g)=
=f(g, h) forall ge¥(G); f, will be called the map induced from f by h. A homo-
morphism H-W(G) is obtained by mapping each h to its f;,. Conversely, H—W (G)
impliess GXH—~GXW(G)~W by Lemma 1(b) and (b) above. Proving (f) note
that if W is multiplicative and if G-+W as well as W(G)+-W, then GXW (G)+W
contrary to (b); on the other hand if G-+W implies W(G)—W, and if G+W,
H--W, but GXH-W, then according to (¢) H—W(G), which taken together
with W(G)—~W contradicts H-+W. To prove (g), let f: G—~G’ be a homo-
morphism; associate with each ¢cW(G”) the mapping @ofEW(G). . |

3. Digraphs

The directed path P, has vertices 0,1, ...,n and arcs _9_1 1-5, cey (n—Dn.
The directed cycle C, has vertices 0,1, ,n—l and arcs 01, 12,. »(B—2)(n-1),
(n— 1)0 The transitive tournament TT has vertices 0,1, . ,n-—l and all arcs ij
with i<j.

We first review the simple case of transitive tournaments cf. [7], [17). This
will illustrate the method used throughout this section.

Example 1. Each transitive tournament 77, is multiplicative. In fact 0={P,: k=n}
is a complete set of obstructions for T7,. Clearly 0 S {D: D+TT,} because the
longest directed walk in T'T, has length n—1. To prove (1), note that if no B, with
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k=n satisfies P,~D then D—TT, via the homomorphism a, where a(v) is the
maximum length or a directed walk in D ending at v. Fmally (2) holds because
B,~P, for m=k.

An oriented path (cycle, walk) is a digraph obtained from an undirected
path (cycle, walk respectively) by choosing one direction for each edge. The net
length of an oriented walk (e.g. path or cycle) is the absolute value of the difference
between the number of edges directed forward, and the number of edges directed
backward, with respect to any particular traversal of the walk. An oriented path
P of net length k is minimal if no subpath (i.e., subgraph which is a path} of P has
net length strictly greater than k; note that there could be subpaths of net length
k. The level of a vertex v in an oriented path P is defined as follows: Of the two
traversals of P choose one in which the number of forward arcs is not smaller than
the number of backward arcs; the level of v is then the net length of the initial seg-
ment of P, up to v.

Lemma 5§, (a) PP, for any oriented path P of net length k,k=n+1.

(b) An oriented path P of net lenght k is minimal if and only if the
level of any vertex v of P is at least 0 and at most k.

(c) Anoriented path P of net length k is minimal if and only if P—P,.

(d) D+P, if and only if P—D for some oriented path P of net length
k= n+1

(e) C+C, for any oriented cycle C of net length k, k0 (mod n).

(3] D+C, if and only if C—~D for some oriented cycle C of net length
k0 (mod n).

Proof. Many of these statements have been previously remarked (cf. [17]; also cf.
21, [7D. Bneﬂy, (a) and (b) are easy to see, and they imply (c) (a homomorphism
P—P, is obtained by mapping v to its level). Moreover (a) implies the “if”* part
of (d); to see the “only if” part assume that D has no oriented walk of net length
k=n+1 (this being equivalent to the assumption that P--D for any oriented
path P of net length k=n-+1). Now we can define a homomorphism f: D-P,
by letting f(v) be the maximum net length of an oriented path ending at 2. The
proofs of (e) and (f) are similar. |

The following result was first proved in [17] (and independently in [7]):

Theorem 1. The set @ of all oriented paths of net length n+1 is a complete set of
obstructions for P,.

Corollary. Each directed path P, is multiplicative.

Proof. It remains to show that for any two oriented paths P, P’ of net length k there
is an oriented path P* of net length & such that P*—~P and P*~P’; taking k=n+1
and Lemma 5(d) proves the Theorem, and the Corollary follows by Lemma 3.
A proof of this fact can be found in [17]. An alternate proof, explained in detail
in [7], can be outlined as follows: We may assume without loss of generality that
both P=pg,py,...,p. and P’=p;,p3, ..., p, are minimal paths.
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Claim 1. There exists an oriented path P*=pip¥..p* of net length k such that
P*~P and P*—P’; moreover the homomorphisms P*—~P and P*~P’ could be
chosen in such a way that p; is mapped to p, and py, and p¥ is mapped to p, and p;.

Claim 1 can be proved by double induction on £, the net length of P and P,
and g, the total number of vertices in P and P’ with level 0. B

It follows from this alternate proof that Theorem 1 can be strengthened to
assert that the set @ of all minimal oriented paths of net length n+1 is a complete
set of obstructions for P, (cf. [7]).

One may be tempted to dismiss the case of directed cycles as one where
multiplicaticity could be proved by arguments similar to the ones used for paths.
This turns out not to be the case. First of all, not all directed cycles are multipli-
cative. As observed in [17] (or [7}), if n is not a prime power then 5, is not multipli-
cative. (For such n, C,=C,xXC, where n=mk m, k>1 and coprime; since neither
of m, k divides the other, C,+C. and Cy+C,, and so Lemma (2)a applies.)
Nesetnl and Pultr proved that C, is multiplicative when p is a prime, and conjec-
tured that C, with prime-power n is always multiplicative [17]. We proceed to prove
their conjecture. At present our proof uses the Lefschetz duality theorem of homo-
logy theory.*

Theorem 2. Let n be a prime power. Then the set O of all oriented cycles of net
length k, k20 {mod n), is a complete set of obstructions for C,.

Corollary. C, is multiplicative if and only if n is a prime power.

Proof. In view of Lemma 5(e, ) and Lemma 3, it only remains to prove that for
any oriented cycles C and C” of net lengths k%0 (mod n) and k20 (mod #) respec-
tively, there exists an oriented cycle C* of net length k*0 (mod n) such that
C*—+C and C*-C’. Let k* be the least common multiple of k¥ and %’. Then
k* 20 (mod n): Otherwise n=p® divides k*=kk’/gcd(k, k). Let p® be the highest
power of p which divides both k£ and X’; then b=<a, p® divides gcd(k, k"), and,
without loss of generality, k/p® is not divisible by p. Therefore n=p® divides k', a
contradiction. Since k* is some xk, there exists an oriented cycle C‘I:)f net length k*
such that €~C; one such € may be obtained by going x times around C. Simularly,
there exists an oriented cycle ¢ of net length k* such that &"~C".

Claim 2. There exists an oriented cycle C*SCX " of net length k*.

It may appear at first that Claim 1 should imply Claim 2. However, the
paths P, P’ in Claim 1 are assumed to be minimal; this can always be assumed for
paths, but not for cycles — hence no obvious application of Claim 1 proves Claim 2,
and we in fact find it necessary to appeal to a result from homology theory to prove
it — cf. below.

Once Claim 2 has been verified, C*~CXC'~C~C and C*~Cx &~

-~ {’~C’ as required. To prove the claim, we first note that there exists in CX "
closed walks (and hence also cycles) of non-zero net length: Since the net length

* H. Zhou, a Ph. D. candidate at Simon Fraser Umversxty, has recently obtained a direct,
but quite complex, proof.
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k* of € and ' is not zero, there exist oriented paths P, P’ of arbitrarily high net
length / such that F~C and P’XC’ (obtained by going around € and " arbi-
trarily many times). By Claim 1, there exists a path P* of the same net length / such
that P*~P and P*—~P., Then P*~C and P*~{, and hence P*~Cx .
Thus X & has walks of arbitrarily high net length, which would be impossible
if all closed walks had net length 0. Next we notice that the graph Cx " is embedded
on the torus T whose generating cycles are € and ¢’ viewed as topological spaces.
Any cycle C* of X is a simple closed polygon in T. The projection of C* to
C is aclosed walk in € and hence it winds around C a certain number, say x, of
times; note that the net length of C* is xk*. Similarly, the projection of C* to C’
winds y times around " and the net length of C* is yk*; hence x=y. A consequence
of the Lefschetz duality theorem of homology theory (e.g. Proposition 9.22 in [6])
asserts that a simple closed polygon in T winds either O times around each generating
cycle, or p times around one generating cycle and g times around the other, with
p and g coprime. Therefore we have x=0 or x=1. Since we have established
above that not all cycles can have net length 0, there exists a cycle C* with x=1,
ie., net length k*. ||

Corollary. Any product of oriented paths (respectively of oriented cycles) of net
length k contains an oriented path (respectively cycle) of net length k. |

4. Graphs

All graphs in this section are understood to be undirected graphs, and all
edges uv undirected edges {v, v}. The path P, has vertices 0, 1,...,n and edges
01,12, ...,(n—1)n; the cycle C, has vertices 0,1,...,n—1 and edges 01,12,...
vrs (M—2)(n—1), (n—1)0. We shall show that all paths and cycles are multiplica-
tive; the undirected analogues of transitive tournaments, the complete graphs, are
conjectured to be multiplicative in {10]. First we dispose of the trivial case of paths
and even cycles.

Example 2. Each path P, and each even cycle C,, is multiplicative. We observed
in Section 2 that P;=:K, is multiplicative; moreover P, is a retract of each P, and
gach C,, via the retraction that maps all even vertices to 0 and all odd vertices to 1.
Thus each P, and each C,,, is multiplicative by Lemma 2(b). ||

The situation is much less transparent in the case of odd cycles. Our proof
of their multiplicativity (Théorem 3) closely parallels the proof of El-Zahar and
Sauer [4] showing the multiplicativity of K,;22C,;. Where the extensions are evident
we abbreviate and appeal to their paper for greater detail.

In what follows we shall be considering the graph C,(C;) with an odd »,
n=5; recall that its vertices are mappings (not necessarily homomorphisms) of
V(C,) to V(C,). Let ¢ be such a mapping: We shall say that a vertex v of Cy is a
Jj-point of @ if j is the unique integer 0=j<n/2 such that {¢(v)—¢(v")|=/j(mod n),
where v” and v” are the two neighbours of v in C;. We shall say that an edge uv of
C, has length j with respect to ¢ if j is the unique integer 0=j<n/2 such that
lo(W)— @ @)|=j (mod n). Note that if ¢ from C,(C;) has a j-point v on C, with
J#0,2 then ¢ is an isolated vertex of C,(C,), because any ¢” adjacent to ¢ must
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have the value ¢’(v) adjacent in C, to ¢(v") and to ¢ (v”). We shall say that a 2-point
v of @ is filled if @(v) is the unique value between ¢(v") and ¢(v”); otherwise it is
unfilled.

Lemma 6. Let n be odd and n=35, and suppose that ¢ from C,(C,) hasno j-points
with j#0,2. Then each unfilled 2-point v of @ satisfies:
(@) If n=1(mod 4) then v is incident with exactly one edge of C, of
length congruent to 2 or 3 (mod 4).
(b) If n=3 (mod 4) then v is incident with exactly one edge of C,, of length
congruent to 1 or 2 (mod 4).

Proof. The lengths (understood to be with respect to ¢) j and j’ of the two edges
incident on an unfilled 2-point satisfy j+j’=+2(modn) and 0=j, j'<n/2.
Of the four possibilities inherent in the + notation, j+j =2 (mod#n) implies
Jj=j’=1 — contrary to the definition of an unfilled 2-point; j—j’ =2 (mod n)
(or equivalently j'—j=—2(modn)) implies j—j’=2 — which is only possible
if exactly one of j, j° is congruent to 2 or 3 modulo 4, and exactly one congruent
to 1 or 2modulo 4; and finally j+j'=—2(mod #n) implies j+;j =n—2: if n—2=3
(n10d 4), this is only possible if exactly one of 7, j° is congruent to 2 or 3 modulo 4,
and if n—2=1(mod 4), this is only possible if exactly one of j, j* is congruent
to 1 or2 modulo4. J

Corollary. Let n=5 be odd, and suppose that ¢ from C,(C:) has no j-points
with j#0,2. Then ¢ has an even number of unfilled 2-points on Cy.

Proof. Assume that n=1 (mod4) and consider the subgraph S of C, consisting
of all the edges of C;, with lengths (with respect to ¢) congruent to 2 or 3 modulo 4.
Then (a) implies that each unfilled 2-point of ¢ has degree 1 in S, while the degree
of any filled 2-point, or of any O-point, is even. Hence the number of unfilled 2-
puints is the number of odd degree vertices of S, and thus even. When n=3 (mod 4),
we use (b) in place of (a). |}

Lemma 7. Let n=5 be odd. If G+C, andif ¢ is a non-isolated vertex of C,(G),
then ¢ has an even number of 2-points on some odd cycle C; of G.

Proof, Let ¢¢” be an edge of C,(G), and let X be the set of vertices v€¥(G) with
o) W)¢ E(C,) for some neighbour w of v in G. It can be seen that X contains
an odd cycle C, of G. (If X induced a bipartite subgraph of G, then the mapping
equal to ¢ on (G—X)U (one part of X) and equal to ¢’ on the other part of X,
would be a homomorphism G-—C,, cf. Proposition 4.1 in [4].) The restriction of
@ to C, is not isolated in C,(C,) — the restriction of ¢’ is adjacent to it — and so
the above Corollary applies, yielding the following conclusion: If ¢ has an odd
number of 2-points on C, then it has an odd number of filled 2-points, and thus at
least one, say v. It would follow that ¢'())=¢(v) and so ¢’(v)e(W)¢ E(C,) for
some neighbour w of v in G — a contradiction. [

Theorem 3. Each cycle C, is multiplicative.

Proof. In view of Example 2 and [4] we may assume that » is odd and n=5. The
following claim will establish the Theorem (cf. Lemma 4(f)):
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Claim 3, If G+C, then C,(G)—C,.

Thus let G+C, and let F be any non-trivial component of the graph C,(G).
Let ¢, be a vertex of F and let C, be an odd cycle of G on which ¢, has an even num-
ber of 2-points (cf. Lemma 7). We now show that all @€ F have the same parity of the
number of 2-points on C;. We may assume without loss of generality that ¢ and (p’
are adjacent in F. The homomorphism C;XC,(C,)~C, from Lemma 4(b) restric-
ted to Cy X {g, ¢’} is then a homomorphism CyXK,=Cy~C,, and any such
homomorphism has an even number of 2-points. (This is easily seen by considering
how the homomorphism must “wind” the even cycle Cy, around the odd cycle C,,
or proved by induction as in Lemma 3.2 of {4].) Since the homomorphism of Lemma
4(b) (cf. its proof) maps C; X {p, ¢’} to C, by taking (v, ¢) to ¢(v) and (v, ¢") to
¢’(v), each of its 2-points is either some (v, ¢) where v is a 2-point of ¢’ on C,,
or some (v, ¢") where v is a 2-point of ¢ on C,. Thus the number of 2-points of ¢
plus the number of 2-points of ¢’ is the number of 2-points of a homomorphism
Cy—~C,, and hence an even number. Therefore the parity of the number of 2-points
of ¢ and ¢’ is the same.

Since we assumed that @, has an even number of 2-points on the odd cycle
C, of G, we know now that each element ¢ of F has also an even number of such
points. Let H be the subgraph of C,(C,) whose vertices are the elements ¢ of F
restricted to Cj.

Claim 4. There exists a non-isolated vertex y of C,(H) which has an odd number
of 2-points on each odd cycle of H.

First we note that Claim 4, taken together with Lemma 7 establish that
F-~H-~C,. (To obtain a homomorphism F-H, associate with each element of
F its restriction to Cy.) This is all that is needed to complete the proof of Claim 3
(and so of the Theorem), because we can repeat this argument for each non-trivial
component of C,(G); the trivial components admit 2 homomorphism to C, be-
cause of Lemma 4(a).

Let v be a fixed vertex of C, and let ¥ be the mapping of ¥(H) to V(C,)
which assigns to each ¢ in H the value ¢(v). Note that  is a non-isolated vertex
of C,(H); it is adjacent to the mapping resulting from having fixed some v’ adjacent
to v. Let C, by any odd cycle of H. Then C;XC,, is a subgraph of CyXC,(Cy)
and hence there is a homomorphlsm fi: CXCp—~C,; in fact f(v, @)=¢(v),
cf. Lemma 4(b). Thus each mapping f,: V(C,)—~ V(C, ) induced (cf. the proof of
Lemma 4(e) for the definition) from f by (pEC,,, is just ¢, and the mapping
St V(C)—V(C,) induced from f by veC, is just ¥ restricted to C,,. We now
have a homomorphism f: CyXC,—~C, such that all induced f, quC,,,, have
an even number of 2-points (cf. the dlscussmn preceeding Claim 4); similarly, all
induced f,, u€Cy, also have the same parity of their number of 2-points. We wish
to conclude that this parity is odd, i.e., that all f,, ¥€C,, (and in particular f,)
have an odd number of 2-points on C,,. This can be proved as in [4, Proposition 3.4],
and we only give a sketch of the proof here. The quadrilaterals of C,XC, (ie.,
the four-cycles (¢~, u), (¢, u*), (¢*, ), (p,u~) where u~ is the predecessor and
u* the successor of won C, and ¢~ the predecessor, @* the successor of ¢ on C})
can only have the followmg values of f:
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(d’-,u)
(b u”)- (Pyu*) @ @
¢' Y Giii)

Fig. 1,

In the figures (i—iii), x denotes any value 0, 1, ..., #—1 and the operations
are modulo »; the directions of the edges are explained below. Note that in (i) ¢ is
a 2-point of f,, in (ii) u is a 2-point of f,,, and in (jii) neither is a 2-point. Hence the
sum of all numbers of 2-points of all f, and f, is the number of quadrilaterals of
type (i) and (ii). Next we direct the edges of C, XC,, so that edges joining vertices
with values x and x+1 are directed from x to x+1, as the figures show. Note
that opposite pairs of edges in the quadrilaterals (i) and (ii) are directed in the same
direction, while opposite edges in (iii) have opposite directions. Hence in each di-
agonal band of quadrilaterals in C;XC,, there is an even number of quadrilaterals
of type (iii); therefore the total number of quadrilaterals of type (iii) is even. Thus
the sum of all numbers of 2-points of all £, and all f, is odd, and consequently
each f,, u€C,, has an odd number of 2-points on C,,. [

Note that Lemma 2(b) allows us to conclude the multiplicativity of any
graph which admits a retraction to its shortest odd cycle. It has been proved recently
by A. M. H. Gerards [5], that any non-bipartite graph which does not contain an
odd-K, or an odd-K? does admit a retraction to its shortest odd cycle.

0dd-K, and odd-K? are graphs illustrated in Figure 2.

Odd-k2

Fig. 2. Wriggled and dotted lines stand for paths. Dotted lines may have length zero; wriggled lines
have positive length. Odd indicates that the corresponding faces are odd cycles.)

Thus we obtain:
Corollary. Any graph which does not contain an odd-K, or an odd-K} is multiplicative. |



ON MULTIPLICATIVE GRAPHS ’ 73

5. Infinite graphs

For infinite graphs, Hajnal has studied the (lack of) multiplicativity of com-
plete graphs, [8]. Undirected one-way and two-way infinite paths are multiplicative
for the reason explained in Example 2. Directed one-way and two-way infinite
paths and countable tournaments are also multiplicative. Let P, denote the digraph

with vertices 0,1,2,... and arcs i(i+1) (i=0,1,...); let C'.,, denote the ‘digraph
with vertices ..., —2,—1,0,1,2,... and arcs ii+1) (i€Z); let TT, denote the

digraph with vertlces 0,1,2,..., and all arcs §j with i<j. Let S, denote the di-
graph obtained from B,, P,, ... by identifying their endpoints (i.e., vertex 1 of B,
vertex 2 of B,, ...) to a common vertex, and let % be the class of “all digraphs ob-
tained the same way from any family of oriented paths P(1), P(2), ... with the
property that the net length of P(i) is i

Theorem 4. (a) D+P,, if and only if U~D for some Uc%. ~
(b) D+C, if and only if C—+D for some oriented cycle C of non-zero
net length.
(¢) D+TT, ifand only if S,—~D.

The proofs are very similar to those of Lemma 5(d, f) and Example 1,[7]. " I
It can be easily shown from Theorem 4 that [7]:
Corollary, P, C,, and TT, are multiplicative. [

Finally, we also note that if infinite products are allowed then even X, is not
multiplicative — it was observed in [16] that [] Cy.,—+K, while of course each
k=1

Acknowledgements. We are grateful to E. Welzl and R. Woodrow for many valuable
comments.
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